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An exact formula for the RPA dielectric function of a 
2D electron gas in a strong magnetic field is given 
explicitly as a function of the field strength, 
frequency and momentum. Based on this result, important 
many body effects in 2D conductors are discussed. The 
magnetic susceptibility is obtained explicitly. It 

shows characteristic oscillations, cyclotron resonance, 
and an interesting temperature variation. 
and field dependences of the effective mass and scatter- 
ing time of the 2D electrons are evaluated in terms of 

the memory function formalism. Our theoretical results 
are found generally in very good agreement with recent 
data on Si inversion layers. 

The carrier 

1. INTRODUCTION 

Chalcogenide compounds, PIX2, of vanadium, niobium and tanta- 
lum are known to be two-dimensional. The atoms in these 
compounds are strongly bonded into layers of three atomic 
thickness, sandwiched between two close packed sheets of 
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chalcogenides such as sulfur, selenium or tellurium. A 
typical dichalcogenide, NbSe is metallic, shows incommen- 2 
surate charge-density waves and becomes a superconductor 

below 7'K. 

NbSe3, it constitutes a very interesting low-dimensional 
system. 

A. ISIHARA, M. MUKAI and S.-J. LEE 

Together with the one-dimensional counterpart 

There are other two-dimensional systems. The electrons 

in inversion or accumulation layers of MOSFETs, at the inter- 
face of epitaxially grown GaAs-GaAlAs heterojunctions or on 
the surface of liquid helium are known to be two-dimensional 

and show prominent many body effects in wide density ranges. 
One of the very useful experimental techniques for two- 

2 

dimensional electron systems is a tilted magnetic field 

method. When the field is tilted from the direction perpen- 
dicular to the surface in which the electrons move, the 
electron's orbital energy is dependent on the tilted angle 

but the spin-field coupling is inde~cndent.~ 
couplings can be separated effectively. 

Hence, the two 

On the other hand, for the theoretical study of the 
electronic properties of various conductors, the dielectric 

function plays an important role. 
cyclotron resonance, reflectance, etc. 

It determines conductivity, 

Based on these observations, we shall report in the next 

section an explicit RPA dielectric function of a two-dimen- 
sional electron gas in a strong magnetic field. Our formula 
is reduced exactly to the known expression in the absence of 

the field. The static dielectric function €or this case has 

been illustrated €or one, two, and three  dimension^.^ 
shall then make use of the dielectric function for the evalu- 
ation of the susceptibility, effective mass and scattering 

time of 2D electrons. For simplicity, we shall use the 
natural unit in which j4 = 1 and 2m = 1 unless when their 
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DIELECTRIC CONSTANT AND CONDUCTIVITY OF 2D METALS [701]/345 

e x p l i c i t  d i s p l a y  i s  d e s i r a b l e .  

2 .  DIELECTRIC FUNCTION 

For our  purpose,  we f ind  it advantageous t o  use  t h e  eigen-  

va lues  of  t h e  e l e c t r o n  propagator  r ep resen t ing  t h e  u n i t  o f  

t h e  so -ca l l ed  r i n g  diagrams. 

va lues  h .  (9) y i e l d  t h e  d e n s i t y  response func t ion  when 

2nj/B i s  rep laced  by - i w  where 6 = l /kT.  

func t ion  c(q,w) is t h e n  given by 

As shown elsewhere,’ t h e  e igen-  

1 
The d i e l e c t r i c  

where u(q)  i s  t h e  Coulomb i n t e r a c t i o n .  For two dimensions,  

i t  is 2neL/q. 

dHvA cond i t ion  has  been made r e c e n t l y  by I s i h a r a  and Kojima 

based on some approximations.6 We have succeeded i n  e l i m i n a t -  

i n g  such approximations t o  a r r i v e  a t  a low temperature  

formula which is  e s s e n t i a l l y  exac t  towards a b s o l u t e  zero:  

The eva lua t ion  o f  t h e  e igenvalues  under t h e  

(2 .2)  
71s 1 X c ( - I S  s i n  - cos(-zgl~s) 

S s inh(n  2 s / a )  Y 

0 where E (q,w) i s  t h e  known d i e l e c t r i c  func t ion  i n  t h e  absence 
4 2 o f  t h e  magnetic f i e l d ,  

f a c t o r ,  w i s  t h e  cyc lo t ron  frequency, and t h e  ampli tude 

func t ion  i s  given by 

y = wo/2pF , a = Boo/2, g i s  t h e  g 

0 

-1 2 ~ r i c l 1 / w  
I ( q , w )  = [l  - e 01 

r 2 n  
X J dx exp(iwx/wo)sin(Qsinx)Jo(X) 

0 

(2 .3 )  

2 where Q = q /wo, X = 2[Q(l-cos x ) / y ] .  
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Formula (2.2) g ives  t h e  d i e l e c t r i c  func t ion  e x p l i c i t l y  

a s  a func t ion  of  t h e  magnetic f i e l d  under t h e  dHvA cond i t ions .  

I t  shows c h a r a c t e r i s t i c  o s c i l l a t i o n s  and cyc lo t ron  resonance.  

I t  i s  a Sommerfeld type  low temperature  expression which has 

been obtained t o  o rde r  r under t h e  dHvA cond i t ions .  Note 

t h a t  i t  i s  independent of  Coulomb i n t e r a c t i o n .  For t h e  

s t a t i c  case ,  i t  i s  given f o r  small  q as fo l lows:  

S 

(2 .4)  
2 +  

E(Q.,o) = 1 + e [ R  J1(2R+) + R-J1(2R-)]/2q 
where 

We have inves t iga t ed  numerical ly  t h e  real  and imaginary 
0 

p a r t s  of  t h e  f i e l d  independent d i e l e c t r i c  func t ion  E ( q , w )  a s  

func t ions  of t he  reduced frequency w/2p €or r = 1. For 

small  q ,  t h e  real p a r t  is  found t o  be r a t h e r  l a r g e  i n  t h e  

l i m i t  o+O, i n d i c a t i n g  a s t rong  sc reen ing .  The imaginary p a r t  

vanishes  a t  t h e  o r i g i n  and is  f i n i t e  i n  a l imi t ed  reg ion  of  

frequency which depends on q .  

it i s  f i n i t e  only up t o  around 1.3 pF . 

2 
F S 

F For in s t ance ,  f o r  q = 0 . 5 ~  
2 

3 .  SUSCEPTIBILITY 

The advantage of our  p re sen t  approach i s  t h a t  a sum r u l e  of 

t he  eigenvalues  y i e l d s  t h e  exchange 

immediately. 

The magnetic s u s c e p t i b i l i t y  i s  
m 

2 s+l cos (gns/2) 
2 

-L = - c (-) 
xo O1 s= l  s s i n h ( r  s / 2 )  

1 1 

grand p a r t i t i o n  func t ion  

then  found a s  fo l lows:  

L L 

c1 c1 

I T S  n s  TI5 TIS X C [l  + - coth(-)]cos- + - 
yo yo 

(3.1) 

2 where xo = e /2rc2  i s  t h e  idea l  gas s u s c e p t i b i l i t y  and 

and c1 = f3pgH. 
2 2  

In t h e  o rd ina ry  u n i t ,  i s .  (4"dh )PB * 
XO 
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DIELECTRIC CONSTANT AND CONDUCTIVITY OF 2D METALS [703]/347 

Note t h a t  x i s  e x p l i c i t l y  g iven  as a func ion  of d e n s i t y  n 

through -yo = wo/2po , po 

dimension.  

w i t h  t h e  f i e l d  a s  H-'. 

r a t i o  o f  t h e  Fermi energy t o  t h e  f i e l d  ene rgy .  Formula (3 .1 )  

i s  exact t o  o r d e r  r and y e t  does n o t  have r . T h i s  i s  a 

2 D  p e c u l i a r i t y .  A t  h igh t e m p e r a t u r e s ,  one can show t h a t  t h e  

s u s c e p t i b i l i t y  approaches C u r i e ' s  law. 

2 2  
= 2nn. 

A s  a 21) c h a r a c t e r i s t i c ,  t h e  s u s c e p t i b i l i t y  h a s  a 

I t  o s c i l l a t e s  w i t h  t h e  ampl i tude  which v a r i e s  

The o s c i l l a t i o n  i s  de te rmined  by t h e  

S S 

4 .  CONDUCTIVITY 

The d i e l e c t r i c  f u n c t i o n  shows i n f i n i t e l y  s h a r p  c y c l o t r o n  

r e sonance .  In a c t u a i  21) sys t ems ,  e l e c t r o n s  are  s c a t t e r e d  by 

i m p u r i t i e s ,  c a u s i n g  broadening o f  t h e  Landau l e v e l s .  We t h e n  

expec t  Loren tz i an  peaks due t o  t h e  e l e c t r o n  se l f  ene rgy  C 

because t h e  denominator w i l l  be of  t h e  form (w-nwo-Xn) 

where n i s  an i n t e g e r .  

n 

According t o  t h e  memory f u n c t i o n  f o r m a l i ~ m , ~  t h e  con- 

d u c t i v i t y  i s  determined by t h e  memory f u n c t i o n  M ( w )  which i n  

t u r n  i s  a f u n c t i o n  o f  t h e  d i e l e c t r i c  f u n c t i o n .  By assuming 

t h e  Drude form, we t h e n  f i n d  t h e  e f f e c t i v e  mass and r e l a x a -  

t i o n  time as f o l l o w s :  

u ( w )  = - 
2 

I w  - w 0 + P I ( 0 l ) P  ( 4 . 1 )  
i n e  

m 
where t h e  memory f u n c t i o n  M ( w j  is  g iven  by 

Here, n i s  t h e  impur i ty  d e n s i t y  and v ( q )  i s  t h e  i m p u r i t y  

p o t e n t i a l .  

time a r e  then  g iven  by 

i 
The c y c l o t r o n  c f f e c t i v e  mass m* and s c a t t e r i n g  
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where M1 and M 
func t ion  M. 

a r e  t h e  r e a l  and imaginary p a r t s  of  t h e  2 

We have evaluated t h e  e f f e c t i v e  mass and s c a t t e r i n g  

t ime f o r  (001) S i  i nve r s ion  l a y e r s  t ak ing  i n t o  cons ide ra t ion  

the  th i ckness  e f f e c t  fol lowing S t e r n  and Howard, 

improving t h e  previous t h e o r i e s .  The two p o t e n t i a l s  i n  

Eq.(4.2) a r e  determined by t h e  l a y e r  conf igu ra t ion .  F igure  1 

r ep resen t s  our  t h e o r e t i c a l  curve f o r  t h e  e f f e c t i v e  mass. 

8 
and thus  

I 
.24 

.21 

I I I I I 1 1 1 1  I 

.2 a3 .4 .5 .6 a 7  -8 .9 1. 1.2 
" d 2 ( C i i 2 )  

FIGURE 1 E f f e c t i v e  mass of t h e  e l e c t r o n s  i n  S i  (001) 

invers ion  l a y e r s  a s  a func t ion  of  e l e c t r o n  d e n s i t y .  The d a t a  

r ep resen t  Sample 3 of Wagner e t  a1 

25.4 cm-l. So l id  curve:  Our theory .  The arrow i n d i c a t e s  a 

small  d i s c o n t i n u i t y  i n  s lope .  

9 
f o r  a magnetic f i e l d  

The d a t a  r ep resen t  Sample 3 of Wagner e t  a1 f o r  magnetic 

f i e l d  25.4 cm . For t h e  eva lua t ion ,  t h e  impur i ty  concent ra -  

t i o n  n = 1 . 4 ~ 1 0 ~ ~  has  been used.  The agreement wi th  

t h e  d a t a  i s  very  good. 

-1  

i 
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Figure 2 i l l u s t r a t e s  t h e  s c a t t e r i n g  time. I t s  d e n s i t y  

dependence is oppos i t e  t o  t h a t  f o r  t h e  e f f e c t i v e  mass. As 

t h e  e l e c t r o n  d e n s i t y  decreases ,  t h e  e l e c t r o n - e l e c t r o n  i n t e r -  

a c t i o n  becomes more e f f e c t i v e ,  causing l a r g e r  e f f e c t i v e  mass. 

On t h e  o t h e r  hand, t h e  impur i ty  s c a t t e r i n g  becomes more 

e f f e c t i v e  i n  t h e  oppos i te  d i r e c t i o n .  Hence, t h e s e  dependences 

r ep resen t  important  many body e f f e c t s .  We have a l s o  succeeded 

i n  expla in ing  t h e  f i e l d  dependencies of  t h e  e f f e c t i v e  mass 

and r e l a x a t i o n  t ime of t h e  2D e l e c t r o n s .  

41 I I I I 1 1 1 1  I 

.2 .3 .4 .5 .6 .7 .8 .9 1- 1.2 

FIGURE 2 S c a t t e r i n g  t ime of t h e  e l e c t r o n s  i n  S i  (001) 

i nve r s ion  l a y e r s .  

So l id  curve:  our  theory .  

The d a t a  a r e  due t o  Wagner e t  a l .  
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